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ON THE LOGARITHM OF THE CHARACTERISTIC 
POLYNOMIAL OF THE GINIBRE ENSEMBLE 

CHRISTIAN WEBB 


Abstract. We prove a slightly sharper version of a result of Rider 
and Virag who proved that after centering, the logarithm of the ab¬ 
solute value of the characteristic polynomial of the Ginibre ensemble 
converges in law to the Gaussian Free Field on the unit disk with free 
boundary conditions (and continued harmonically outside of it). Using 
their results on the linear statistics of the Ginibre ensemble, we prove 
a result that removes the ambiguity concerning the ’’constant part” or 
zero mode of the field. 


1. Introduction 

The main goal of this note is to make a small extension to a result of Rider 
and Virag in m- They prove that when one considers the (centered) loga¬ 
rithm of the absolute value of the characteristic polynomial of the Ginibre 
ensemble as a random distribution in a suitable space of generalized func¬ 
tions, it converges in the sense of finite dimensional distributions to a version 
of the 2-dimensional Gaussian Free Field, namely that with free boundary 
conditions on the unit disk and harmonically extended outside of the disk. 

The extension we consider has to do with the fact that the space of dis¬ 
tributions they consider can not distinguish between two distributions that 
differ by a constant - their space of distributions is the dual of the homo¬ 
geneous Sobolev space 'H^{C) (see e.g. [7| for a survey on log-correlated 
fields some of which are defined only up to a constant). In addition to their 
space of distributions, their proof (which is based on studying linear sta¬ 
tistics of the random matrices) does not distinguish between the logarithm 
of the absolute value of the characteristic polynomial and some (possibly 
random) constant translate of it. Our goal is to study the logarithm of the 
absolute value of the characteristic polynomial as an element of a space of 
distributions where one can remove this ambiguity in the ’’constant part” 
of the field. We also prove convergence in the weak sense which is stronger 
than the convergence in the sense of finite dimensional distributions in the 
infinite dimensional setting. We mainly make use of the results of |19] as 
well as fairly standard properties of the eigenfunctions of the Laplacian on 
the unit disk. Our approach is strongly motivated by a similar argument 
for the GUE that appears in [9]. Similar results might be possible for more 
general random matrix models such as those studied in [T]. 
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Apart from it being slightly more satisfactory to remove this ambigu¬ 
ity in the constant part of the held, the motivation for studying the ’’con¬ 
stant part” of the held comes from recent developments in the study of 
log-correlated Gaussian helds. It has been discovered that their geometry is 
best studied through random measures which are obtained formally by ex¬ 
ponentiating the held. The study of such measures is the theory of Gaussian 
Multiplicative chaos going back to Kahane m- For a recent review, see e.g. 
[18] and for a concise proof for the existence and uniqueness of multiplica¬ 
tive chaos measures see [3]. These measures play a role for example in the 
mathematical study of Liouville quantum gravity (see e.g. laE]), random 
planar curves constructed by conformal welding [a [20], quantum Loewner 
evolution and other random matrix models (see [22], based on work in 

[ail])- 

When exponentiating a log-correlated held, one regularizes it through a 
cut-off and studies how one must normalize the exponential of the regular¬ 
ized held to obtain a non-trivial limit when one removes the regularization. 
If the regularization of the held provided by the random matrix model pos¬ 
sessed a very ill-behaved constant part (for example if the constant part of 
the held was a non-trivial non-gaussian random variable which exploded as 
the size of the matrix increased), this random variable would have to be dealt 
with separately in the exponentiation process. We will prove that there is 
in fact no problem with the constant part of the held, and this note can be 
seen as a small step in the problem of studying the relationship between the 
characteristic polynomial of the Ginibre ensemble and multiplicative chaos. 

We start this note with a quick overview of some properties of the eigen¬ 
functions of the Laplacian on the unit disk and related Sobolev spaces, we 
then go on to represent z e-)- log \ z — w\ as an element of a Sobolev space. 
Next we’ll recall the Ginibre ensemble and the main results of m- Finally 
we dehne the relevant log-correlated Gaussian Field and prove convergence 
of the recentered logarithm of the absolute value of the characteristic poly¬ 
nomial of the Ginibre ensemble to the log-correlated Gaussian held. 

Acknowledgements: The author was supported by the Academy of 
Finland and wishes to thank N. Berestycki, Y. Fyodorov, A. Kupiainen, M. 
Nikula, R. Rhodes, E. Saksman, and V. Vargas for discussions related to 
this note. 

2. Eigenfuntions of the Laplacian on the unit disk and 

Sobolev spaces 

Let us hrst recall some basic facts about the eigenfunctions of the Lapla¬ 
cian on the unit disk, which we denote by U. 

Definition 1. Let {en,k)nez,kez+ be the eigenfunctions of the Laplacian on 
the unit disk with zero Dirichlet boundary conditions with unit L^(U) norm, 
namely 


in(f) 


( 1 ) 
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where Jn is a Bessel function of the first kind of order n, jn^k is the kth 
positive root of Jn, and 


( 2 ) 


Cn.k — 


1 


1 


j\n\+l{j\n\,k)' 

Remark 2. The funetions en,k are orthonormal: 


(3) 


l\z\<l 


a-n,k{.^)ani^l{^z)d Z — dn^mdk,h 


the eigenvalue related to en,k is ~jfn\ k’ inequality (see e.g. 

for the n = 0 case and [15] for other values of n) 


(4) 


Jn,fe >n^+ [k-^] vr^. 


Moreover, as for integer n, J-n{x) = (— l)"’Jn(x), we have j-n,k = jn,k 
so we can drop the absolute values from j\n\,k- 

We will also make use of some rough bounds on en,k- While direct proofs 
surely exist as well, we refer to general results on eigenfunctions of the 
Laplacian on manifolds with boundary. 

Theorem 3 I fTTl [2T] i. There exists a constant C > 0 such that 


(5) 

and 


l®n,fc 11 L°° (U) — ^jn,k 


(6) ||Ve„,fc||L“(U) < C'jn.fc) 

where by \ \Ven,k\\L^{v) we mean sup,,gu ■ 

We now turn to the Sobolev spaces which will be the space of distributions 
where our fields will live. 

Definition 4. For s G M, let 


(7) 


T~i ^ / 'y ^ an,kan,k ■ ^ ^ 

n&Z,keZ+ neZ,k&Z+ 


®n,fc| jn,k ^ 


equipped with the inner produet 


(3) {fid) — 'y ^ (^n,kbn,kjn,ki 

nSZ,A;SZ_|_ 

where f = Ylnez,kez+ ^n,kan,k and g = Ylnez,kez+ kn,kan,k- 
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Remark 5. For s > 0, the notation 'Hq{U) might he more appropriate as 
this space can be viewed as a closure of the space of compactly supported 
smooth functions on U under a suitable norm, but for notational simplicity, 
we shall not carry the subscript or the reference to the domain U. Also we 
shall not discuss other basis-independent definitions. 

Remark 6. For any s G M W is a separable Hilbert space with this inner 
product. We denote the corresponding norm by || • H^. Moreover, for s > 0, 
the elements ofH^ can be realized as a subspace o/L^(U). T-L~^ on the other 
hand is the topological dual ofW and it can be understood as a space of gen¬ 
eralized functions acting on functions in : for f = Yln&i. fcez+ ^n,k^n,k £ 
and f = kei.+ ^n,k^n,k £ ^^7 Ihe action of (f on f (which we want 

to formally understand as (j){z)f{z)d‘^z) is 

(9) */’(/) ^ ^ ^n,k^—n,k- 

We now turn to representing polynomials as elements in (one could 
of course understand them as elements in a smaller space, but this is the 
relevant representation for us). 

Lemma 7. For n>0. 


( 10 ) z^ = f2^enAz) 

k^i 

as an element of'H~^ for any s > 0. 

Proof. This is simply an issue of calculating the Fourier-Bessel series of the 
function r r"". Making use of the identity = x^~^^Jn{x), 

we have for n > 0 


( 11 ) 


1 Pjn k 

r'^^^Jn{jn,kr)dr = / r^^^Jn{r)dr 

.1^ h Jo 

rjn,k fl 


G Jo 

1 /■I"’'' d 

~ P+n 

~ ~ ^nH-l0n,fc) 
Jn^k 


implying that as elements in L^((0, l),rdr) 


( 12 ) 


r = 


Et 


'dn{jn,k'^ )) 


dn,kJn+l{jn,k) 
which in turn implies that as elements in L^(U, d'^z) 



THE GINIBRE ENSEMBLE AND THE GFF 


5 


This then implies (say by dominated convergence arguments) that for any 
/ = Enez,fcez+ «n,fcen,fc G for some s > 0, 

(14) [ z^f{z)(fz = ^ ‘^^^a-n,k 

J\z\<l ^ Jn,k 

which allows us to identify the mapping z z"^ with k when 

considered as elements of for any s > 0. 

□ 

Remark 8. In particular, we see that constants are elements of for 
s > 0 and we can distinguish between elements differing by constants. 

3. Representing z i-)- log \z — tc| as an element of 

We wish to express the logarithm of the absolute value of the characteristic 
polynomial as an element of so let us begin by considering z i—)■ log jz—wl 
as an element of for any w £ C. Before doing this, let us recall how 
log I z — re I is related to the Green’s function of the Laplacian on U with zero 
Dirichlet boundary conditions. We also point out a simple expansion for 
z GlJ, w 

Lemma 9. For z,w £\], 


1 °° 1 

(15) log \z-w\ = -27r ^ —en,k{z)e_n,k{w) - Re ^ -z^uF. 

neZ,keZ+ ^rL,k 

For z £\}, w 


n=l 


(16) 


CXD - 

log \z — w\ = log |zi;| — Re > ~ ( “ 

n \w 


n=l 


Proof. The first part of the first sum is simply the Green’s function of the 
Laplacian on U with zero Dirichlet boundary conditions, i.e. for 


(17) Gd{z,w) = - ^ -^en,k{z)e_n,k{w) 

nez,kez+ ^rL,k 

one has for |t(;| < 1, AzGd{z,w) = 6(z,w) and Gd{z,w) —)■ 0 as z —)■ 511 
from U. On the other hand, as log \z — w\ = S(z — w), we see that 

( 18 ) ^\og\z-w\-GD{z,w) 

ZTT 

is a harmonic function of z in U and for \z\ = 1 it equals ^ log \ z — w\ = 
^ log |1 — 'zw\. Thus extending this harmonically gives 


OO ^ 

(19) log |z — rcl — 27rGi:)(z, tc) = log |1 — zrcl = —Re —z'^w'^. 

n 


n=l 
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This is the first claim. For |t(;| > 1 and \z\ < 1, one has 


(20) log \z — w\ = log |tc| + log 


1 - 


w 


OO ^ 

= log Itcl — Re > — 

Z —/ n 


n=l 


Z\n 

n \W^ 


□ 


Let us now show that using this expansion, we can represent z log \ z — 
re I as an element of 

Lemma 10. For s > 0, the mapping z log \z — w\ is an element of'H~^ 
and equals 'En&z,kez+ (^n,k{w)en,k, where for |t(;| < 1, 

( 21 ) Oin,k{w) 

and for |u;| > 1 

(22) ^ (<5„,„ log k| - 1 („ > 0)^ - l(n < 0)^^ 

Proof. As in both cases z >-)• log \ z — w\ E L^(U, dfz). This again amounts 
to calculating the Fourier-Bessel coefficients of the functions. For |t(;| < 1, 
we have by the previous lemma 



27r ^/^(l{n > 0)w^ + l(n < 0)t(; "■) 

--^e_„,fc(w^)-^—n- 

dn,k Jn,k\n\ 


J\z\<l 
= Itt 


log\z - w\e-n,k{z)d^z 

[ GDiz,w)e_n,k{z)d'^z- [ —Re{z'^w'^)e_n,k{z)d‘^z 

2LI<i J\z\<i^^rn 

V^(l(n > 0)IZJ" + l(n < 0)tc“”) 


- t \ _ 

dn,k Jn,k\''^\ 

Again the previous lemma implies that for |u;| > 1, 



(23) 



□ 


4. The Ginibre ensemble and the results of [T9] 

In this section we recall the Ginibre ensemble, the joint distribution of its 
eigenvalues and some results from m concerning the linear statistics of the 
Ginibre ensemble. 
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Definition 11 (Ginibre ensemble). We call a random -valued) vari¬ 

able Gm a Ginibre random matrix or an element of the Ginibre ensemble if 
its entries are of the form {G]\f)ij = -^Zij, where Zi^j are i.i.d. standard 
complex Gaussians. We will denote the eigenvalues ofG^ by {zi, ...,zn)- 

Remark 12. We will think ofG^ for different N as living on the same prob¬ 
ability space which is the one generated by i.i.d. standard complex Gaussians 

The law of the eigenvalues of Gat was discovered by Ginibre m- 

Proposition 13 (Ginibre). The distribution of the eigenvalues of Gjsf is 
given by 


1 ^ N 

(24) ¥{dzi, ...,dzN) = ^ TTl^* “ n 

i<j k=l 

where d^Zk is the Lebesgue measure on C and 

(25) Ztv — _jv(iv-i) • 

N 2 

The main result of m was the following. 

Theorem 14 ([19] Theorem 1.1). Let / : C —>■ M possess continuous par¬ 
tial derivatives in a neighborhood of TS = {z & C : \z\ < 1}, and grow at 
most exponentially at infinity. Then as N ^ oo, the distribution of the 
random variable Ylk=iifi^k) — ^{f{zk))) converges to a (centered) normal 
distribution with variance 

(26) ^ [ |V/|2d2^ + l^|A:||/(A:)|2, 

where f{k) = ^ /(e*^)e“*^^d0 are the Fourier coefficients of f restricted 

to the unit circle. 

While it is a rather direct corollary to the above theorem, let us emphasize 
what this implies for the functions an,k defined in Lemma fTOl 

Corollary 15. Let 


N 

(27) = '^{an,k{zi) - F.{an,k{zi))). 

i=l 

Then for any finite collection of (n*, ki), with n, > 0 


(28) 


••• 

ni,/ci’ /n2,fe2’ 


) 


converges jointly in law to a centered Gaussian random vector 
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(^ 9 ) {'Jn-i_,kii1n2,k2i ' ' ' ) 

whose entries are independent and the law of equals that of 


(30) 

Jo,A: 

where A is a standard Gaussian and for n > 1, the law of 'yn,k equals that 
of 


(31) 


/TT 
Jn,k 


z + 


w 


n 


where Z and W are i.i.d. standard complex Gaussians. 


Remark 16. The condition n* > 0 is not a restriction as ~ Tnk ■ 

Proof. By Cramer-Wold, it is enough to consider arbitrary linear combina¬ 
tions. Thus let tn,k, Sn,k £ 1^ for all n > 0 and k G Z_|_ such that tn,ki Sn,k / 0 
only for finitely many n and k. Let us write 


(32) 

and 


OO OO 

/H = {tn,k^e{cXn,k{w)) + Sn,fcIm(Q;„,fc(rc))) 

n=0 k=l 


N 

(33) TN = Y,{f{wi)-E{f{wi))). 

i=l 

To apply the previous theorem, we need to check the regularity of /. It 
is clear that an,k are smooth in the unit disk and outside of it. To check 
smoothness across the boundary, we note that in polar coordinates, w = re*®, 
we have for r < 1 


(34) 

an,fc(A’e*®) = 
and for r > 1, 


20F 




-J\n\Un,kr)e ***® 


l(n / 0) 


^|jn,fc 


(35) an,k{re"^) = (Ko'^ogr - l{n^ 0)^r l**le ***®y 
Jn,k V 2|n| J 

From the identity 


(36) 




Jn+lix) 


one can check that 


A 

dx 
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(37) J\n\{jn,k) — J\n\ + l{3n,k)- 

Thus the radial derivate of an,k is continuous across the unit disk. From 
this, one can check the continuity of the partial derivatives of an k and thus 

/■ 

We now need to find the Fourier coefficients / restricted to the unit circle 
and the Dirichlet energy of / in the unit disk. For the Fourier coefficients, 
we note that 
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From the fact an,k{z) = a-n,k{z) one has 


(46) 


VRe(an,fc(^;)) • Vlm{am,i{z))(f z = 0, 


(47) 

and 


/ VRe{an,k{z)) ■ VRe{am,i{z))(f z 

Jv 

1 / r r \ f ^ \ 

— n) I 1 “ 1(71 7^ 0)-j j—: : I , 

2 \ X \n\jn,kjn,l 1 


Vlm{an,k{z)) ■ Vlm{am,i{z))(f z 


1 


(48) 

We conclude that 




27r^ 


— (, (<^m,n ^m,—n) I ^k,l .o l(u, ^0)- 

2 \ Xfc 


r ^ oo oo 

1- / |V/(2;)|^(i^2: = -^ y] y] (in,fctn,Kl + <^n,o) + Sn,fcSn,«(l “ '5n,o)) 


(49) 




27r^ 


X 5k,l-2 -1“ 1(^ / 0)—T 

\ Jn,k '^Jn,kJn,l 


_ TT ^ + <^n,o) + 'Sn,fc(l “ '^n-o) 

~ 2 

n=0 fc=l *7n,fc 

J. 4. I 

^ TT ^n,k^n,l \ 

^ ^ 1 njn,kjn,l 

n,k,l=l ’ ’ 

Thus as —)• oo, Fat converges in law to a centered Gaussian random 

variable with covariance 


71 ^n,k(^ '^n,o) + /-(I (Jn,o) ^ TT y^ tn,ktn,l + Sn,kSn,l 

2 7^ i. 4 n'in kin I 

n=0k=l n,k,l=l Jn,Kjn,i 


(50) 


+ l Y1 i^ii/(^)i' 


nez\{0} 

71 y^ y^ ^n,fe(^ + ^n,o) + '5n,fc(l ~ '^n,o) 71 y^ tn,ktn,l + Sn,kSn,l 

2 ^ 7^ . 2 ^ 71 iT kin I 

n=0k=l n,k,l=l Jn,ltjn,l 


Consider sequences of random variables (^fc)^i, {Bn,k)’i^k=v {Cn,k)^k=i^ 
(-C*n)^i and {En)^=i where all of the appearing random variables are i.i.d. 
standard Gaussians. From the covariance formula, it is then immediate that 
the distribution of limAr^oo Tat agrees with that of 
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( 51 ) 



tn,k \^n,k + 'Sn,fc \^n,k 


3n,k 


If we then introduce iZn,k)^k=i standard complex Gaussians and 

{Wn)^=i i-i.d. standard complex Gaussians independent of the Z-variables, 
and define Qn k = I fc H— 7 =^n], we see that the law of V agrees with 

’ jn,k \ ’ / 

the law of 


(52) 


hi -^0'^ 


oo 

“1“ ^ i {^n,k^^{,Qn,k') ^n,k^^{Qn,k')i j 

n,k=l 


which by Cramer-Wold is what was claimed. 


□ 


5. The Gaussian field 

Plugging the corollary of the main result of m that we proved in the pre¬ 
vious section into the expansion log {z — wl = Oin,k{w)en,k{z) motivates 
defining the following object. 

Definition 17. Let (^A:)^i be i.i.d. standard Gaussians, let {Zn,k)^k=i 
i.i.d. standard complex Gaussians independent of the A vairables, and let 
{Wn)^=i be i.i.d. standard complex Gaussians independent of the A and Z 
variables. Denote by h the formal sum 



This is not simply a formal sum but can be realized as a LL ^-valued 
random variable: 

Lemma 18. For any s > 0, the series defining h converges almost surely 
in . 

Proof. We have 


(54) 
so that 


OO 


^ j2+2s 

k=l •l0,k 


+ 2tt Y, 

n,k=l 


Zn,k + 


•2+2s 


(55) 


IE(||/i|| 2 J =vr^-^^ + 27r Y 


r *2 + 25 

k=l -'0,fc 


i±i) 

^—« - 2+25 

n,k=l ^n.k 


Recalling the estimate ([1]), we see that there are some positive constants 
Cl, C 2 such that 










12 


C. WEBB 


oo oo 

(56) E(||/i|| 2^) < + ^ (n^ + 

k=l n,k=l 

which is finite for all s > 0. This implies that ||/i||-s < oo almost surely so 
h almost surely. □ 

Remark 19. Formally, one finds that the covariance kernel of the field is 
(for \z\, |u;| <1) 


¥.{h{z)h{w)) = —eo,fc( 2 :)eo,fc(w^) 

k=l 
oo ^ 

+ 7r ^ {en,k{z)e-n,k{w) + e-n,k{z)en,k{w)) 

n,k=l 

OO ^ 

(57) -- —{en,k{z)e-n,i{w) + e-n,k{z)en,i{w)) 

njft=l ^dn,kjn,l 

1 °° 1 

= -nGDiz, w) + -y- {z^w^ + z^w'^) 

4 n 

n=l 

= —irGDiz, w) — - log |1 — zw\ 

= -^^og\z -w\. 

Here we used Lemma and Lemma O Making this fact precise would be 
simple, hut we skip it. 

As the covariance of the field is (proportional to) — log|z — w\ which is 
the covariance of the whole plane Gaussian Free Field, we interpret this as 
the field being the restriction of the GFF to the unit disk, or the free field 
with free boundary conditions on the unit disk. Of course the whole plane 
field is defined only up to a constant, so in a sense we fix the constant in 
our result. 

We also point out that this field is (^ times) a sum of a Gaussian Free 
Field with zero Dirichlet boundary conditions on the disk and an independent 
harmonic extension of a Gaussian field defined on the unit disk through 
the random Fourier series where are i.i.d. standard 

complex Gaussians. 

6. Convergence of the logarithm of the absolute value of the 

CHARACTERISTIC POLYNOMIAL 

The basic idea for proving that the logarithm of the absolute value of the 
centered characteristic polynomial converges to h is to control the behavior 
of as n OT k grows with N and if 7 ^^^ does not grow too fast, one is 
able to prove convergence in some for the suitable s depending on the 
growth rate of 7 ^^^. We suspect that actually 7 ^^^ decays with n and k and 
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this decay might actually be fast enough to prove convergence in any 
for s > 0 (see the remarks at the end of the section), though our focus is on 
determining the constant part of the field instead of the precise roughness 
of the held. 

Before going into the actual statement of the result and its proof, let us 
prove the variance bound for 7 ^^^ we shall make use of. We suspect that this 
is a very rough estimate and one could do much better, but this is extremely 
simple and sufficient for us. 


Lemma 20. There exists a constant C > 0 such that for n & Z, k & 
one has (recall the notation of Corollary 1731) 


(58) 



<Cj 


2 

n,/c* 


Proof. Our starting point is the following formula that follows from the de- 
terminantal structure of the distribution of the eigenvalues. For any (mea¬ 
surable) / : C —>■ C, 


E 

(59) 


N 




i=l 




iV-l 


e-N\^\"-NH^d^zd^w. 


Now if we assume that / is smooth and |V/| is bounded, we find 


E 


N 


Yifizi) -Hfizi))) 


2 = 1 


(60) 

^ l|V/llg< 

2 



7V-1 


E 


{Nzw)^ 

kl 


2 

e-N\^\^-NH^d‘^zd^yj_ 


The integral here is simple enough to calculate exactly so let us do that 















14 


C. WEBB 


1 f N 


2 V TT 


- — > ,,,, / (\z\ — zw — wz + kf ) 

2 \^) kill Jc^y ' ' ' ^ 


f \z — w\ 
CxC 

2 -^V—1 jyfc+Z 


N-1 

E 

k=0 


(Nzw) 


k! 


-NM^-NHy2^^2 


w 


k,l=0 

2 / -^—1 ^2fc 

/c 


3' 


k=0 

^2 ^ 2 fc+l 


I 


k=0 


k\ik + i)\ yjc 


2 k+ 2 ^-N\z\y 2 ^ 


2 /N-1 


N-2 


—^ 7r^(A: + 1)N ^ ^ 7r^(fe + 1)A^ 

^ \k=0 k=0 


-3 


= 1 . 


We used here the simple fact that for m G Z+, 


(61) 


Id 


\2me-N\z\y2z ^ 


JS/rn+l ■ 


We thus conclude that 


(62) 


E 


(N) 


< llVa 


n,k \ 


From Lemma m we see that there exist positive constants Ci and C 2 
such that 


C\ 1 

(63) sup|Va„,fc(z)| < —\\E/e_n,k{z)\\L^(jj) + C 2 -— 

zSU Jn k Jn,k 

while outside of the disk we have a positive constant C 3 such that 


(64) 


sup|Va„,fc(z)| < — . 
z0] Jn,k 


Making use of Theorem [3l we find that for some positive constant C 


(65) ||Vcin,fc||oo ^ 

which yields the claim. 

□ 

Let us now introduce notation for the centered logarithm of the absolute 
value of the characteristic polynomial. 
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Definition 21. For z G U and N G write 

N 

( 66 ) hN{z) = ^ (log \z- Zi\- E(log jz - Zi\)). 

i=l 

We can now prove the convergence of /ijv to h in the sense of finite di¬ 
mensional distribntions in the space for any s > 2. The argnment is 
almost identical to that in [9]. 

Proposition 22. Let s > 2 and k G Z_|_. For any elements /i, G W , 
(^Af(/i), •••>iv(/fc)) converges in law to {h{fi), ...,h{fk)). 

Proof. By Cramer-Wold, it’s enough to consider linear combinations and by 
linearity, this reduces to proving that for any / G LL^, h]\f{f) converges in 
law to h{f). Let us write 

(67) f — ^ ^ 

nez,fcez+ 

so that 

(68) tiNif) = 

We now introduce a cut-off into the sums: let M G Z_|_ and define 

(69) eN,M = ^ 

nGZ,fc^Z_|_ 

As Corollary 1151 implies that for fixed M, as N ^ oo 


(70) hN{f) - (iN,M ^ ln,ka-n,k 

nGZ,fcGZ_j_ 

n2+fc2<M 

and as we let M —>■ oo, this in turn converges to h{f). Thus by Slutsky’s 

theorem, to prove that h^if) ^(/)) h is enough to show that cn^m 
converges to zero in probability as we first let ^ oo and then M ^ oo. 
To see that this occurs, we note that by Cauchy-Schwarz (applied to the 
sum, not the integral) and our variance bound (| 2 np 


E 


Cat,M l ) < 


(71) 


E 


E 


nGZ,fcGZ_|_ 

n 2 +fc 2 >M 


(N) 

rn,k 


.j-2s 


E 


In ,| 2 - 2 s 
n,fc| Jn,k 


nGZ,fcGZ_(_ 

n'2+k^>M 


<c\\f\\s 


■ 2 - 2 s 

'^n,k 


n2+fc2>M 


As s > 2, (m implies that this last series converges for any M G Z_|_ so it 
tends to zero as M —)• oo. This estimate was uniform in N, so we see that 
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^N,M tends to zero in probability if we first let —>■ oo and then M —)• oo. 

Thus h]\f{f) converges in law to h{f). 

□ 

Remark 23. It is clear from the proof that improving the bound'K{\'^n,k\^) < 
A: something of the form will improve the lower bound of s to 

s > 1 + a. So in particular if there were decay of the form j~\, one would 
have convergence in T-L~^ for any s > 0. 

In an infinite dimensional space, weak convergence is a stronger form of 
convergence than convergence of finite dimensional distributions. A suffi¬ 
cient condition to strengthen convergence of finite dimensional distributions 
to weak convergence in the Hilbert case situation, is tightness (this follows 
essentially from Prohorov’s theorem - see e.g. m)- Let us now prove tight¬ 
ness and thus weak convergence. Again the argument is almost identical to 
that in [9]. 

Proposition 24. For any s > 2, h^ converges weakly to h in . 

Proof. As mentioned, as we know convergence of finite dimensional distri¬ 
butions, it is enough to prove tightness of the sequence {hN)N in 'H~^. As 
in [9], we make use of the fact (which one can prove again e.g. by a minor 
modification of the proof of Theorem 8.3 in [TTj) that for 2 < s' < s, the 
ball 

(72) = -.Mis' 

is compact in One then has by Chebyshev’s inequality and our variance 
bound 


(73) 


^{hjy G ATg) = 1 

> 1 
= 1 

> 1 

> 1 


P ||/ljv||-s' > 


C 


e 

C2 

E 


pjEdiftwiiL) 


(N) 

TnF 



C{s') 


where we again used the fact that for s' > 2, Yln&z feez+ i‘n converges. 
Thus we have tightness as well as weak convergence. 

□ 


Remark 25. As we already pointed out, the space where the proof guarantees 
convergence in depends on the bounds one has for Edq^^^^p). We expect 
that our bound of the form Cj^ ^ is nowhere near optimal. To motivate this, 
consider the situation where Ini > N. 




THE GINIBRE ENSEMBLE AND THE GEE 
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Another way to write the variance of is 


E 




k=0 


k\ 


(74) - 


( — ) / Oln,k{z)an,k{w) 

V ^ / JcxC 


t AT^^\k 


E 

fc =0 


(Nzw) 


k\ 


-N\-\"-NM"d^ZcPw. 


^—inO 


Recall that if z = re*®, then the angular dependence of an,k{z) is e 

The angular part of has only terms of the form e*™®e*”*''^ 

(6 and (f being the phases of z and w) with —N + l<m,m'<N — 1 so we 
see that the double integral vanishes when \n\ > N. We are thus left with 
estimating 


(75) 


N 

TT 


L 


N-l 


a. 


a(7)l^ E 


k=0 


k\ 




We split this into an integral over \z\ < 1 and \z\ > 1. In the \z\ < 1 case 
we note that Yk=o ^ < 1 and 






- f 


c 


n\ 


For \z\ > 1, we note that \an,kiz)\ < 


N 

TT 



jn,kH 

k\ 



We conclude that for \n\ > N, one has 


(77) 



< C 


1 

«bn,fc 


which suggests that in general one has decay instead of growth and one could 
probably improve our results in terms of the roughness of the space of dis¬ 
tributions. 
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